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1. Irreducible automorphisms of free groups 
In proving the conjecture of Scott that the rank of the fixed group of an 
automorphism of a finitely generated free group F is at most the rank of F, 
Bestvina and Handel [l] use a hierarchy for the set of automorphisms of finitely 
generated free groups and, from their point of view, the irreducible auto- 
morphisms of growth rate 1 are the simplest. It is not immediately obvious from 
[l] what these automorphisms are, and our purpose here is to describe them 
explicitly. 
We begin with a vocabulary review. 
1.1. Definitions. Let (Y be an automorphism of a finitely generated free group F. 
The automorphism cy is reducible if there is a positive integer m and a free 
product decomposition of F into proper free factors F, indexed by i running over 
the set Z,,, v {CTJ}, such that FS is a conjugate of F,+, for all i EL,,,; thus 
F = (*!EL ,,,F,)*F,, and for all iEZ,, there exists f, E F such that Fyh = F,, , . 
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Notice that if m = 1, then F, is non-trivial, while for m 2 2, F, may be trivial. If it 
is not reducible, then (Y is said to be irreducible. 
Here Z,,, denotes the ring of integers modulo m, and we allow integers to 
represent elements of Z,,,, the interpretation always being clear from the context. 
Notice also that both automorphisms and right conjugation by group elements 
are written as exponents. For groups with trivial centre, we shall identify a group 
element with the corresponding inner automorphism. 
Let E be a free generating set of F. If b is the conjugacy class in F of a single 
element, then Thurston defines the growth rate of cr with respect to 6, as 
where f,(b) denotes the minimum of the E-lengths of the elements of b. It is not 
difficult to show that GR( (Y, b) does not depend on the choice of the free 
generating set E. growth rate of a is 
GR(a) = sup{GR(a, b) 1 b a conjugacy class in F} . 
It is not difficult to show that 1 5 GR(a) < m. It is easy to show that GR((u) = 1 if 
some power of (Y is inner. The converse is not true in general; for example, an 
automorphism of a free group of rank 2 fixing one free generator, x say, and 
sending the other free generator, y say, to xy, has growth rate 1, but no power is 
inner. However, in [l] it is proved that the converse is true for irreducible 
automorphisms, that is, if (Y is irreducible then GR(a) = 1 if and only if some 
power of ff is inner. 
An element of the outer automorphism group, Out F, will be called an outer 
automorphism of F. The map Aut F + Out F will be denoted LY H [cy], and the 
image of an irreducible automorphism will be called an irreducible outer auto- 
morphism. 
Consider automorphisms y, 7 of groups G, H, respectively. We say that y and 
q are equivalent, denoted y - 7, if there exists a group isomorphism p : G-+ H 
and an inner automorphism h of H such that Pvh = yp. This is an equivalence 
relation on the class of automorphisms of groups, which is not a set. 
Notice that reducibility, irreducibility and growth rate are preserved by equiva- 
lence. 
1.2. Notation. Let p < q be prime numbers. 
The free group of rank pq - p - q + 1 can be presented as 
(x,,, (i E Z,, j E zq) I Xi.0 = XII., = 1 Ci E zp, i E z,)) 
With respect to this presentation, there is an automorphism determined by 
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_ 
Xi.jHXl.IXi+l.lX~+l,I+IXl,lfl 3 iEZ,, jEZ, ( 
where overlines represent inverses. We denote this automorphism a,,(,. 
For 4 an arbitrary odd prime, taking p = 2 we get an automorphism (yZq of the 
free group of rank q - 1, and we define CY~ to be a&. Writing xi = xl ,, , y, = x2,, 
we have the presentations (~~(jEZ,)Ix,,=l)=(y,(jEZ,)Iy,,=l) and (Ye 
sends each xi to x~X~X~+~X,. Hence (Y(/ is equivalent to the automorphism which 
sends each x, to X,X,+~, so sends each y, to yly,+ l. 
Let CQ and (Y, denote the identity automorphisms of the free groups of ranks 0 
and 1, respectively, and let (Ye denote the inverting automorphism of the free 
group of rank 1. 
1.3. Remark. Let cp denote the Euler q-function, which assigns to any positive 
integer y1 the number of primitive complex nth roots of 1; we further understand 
that ~(0) = 0. Thus for an integer IZ of the form 0, 1, p, or pq, where p, q are 
distinct primes, we have an automorphism LY,, of a free group of rank q(n). 
We shall see that, up to equivalence, these (Y,, are the irreducible auto- 
morphisms of finitely generated free groups of growth rate 1. We shall see at the 
same time that the outer automorphism [cy,,] has order n, (where, for the sake of 
brevity, we adopt the bizarre convention that the order of the outer auto- 
morphism of the trivial group is 0), so, up to equivalence, these are precisely the 
finite-order irreducible outer automorphisms. 
2. Irreducibility criteria 
In this section we give criteria for irreducibility, and verify that the auto- 
morphisms in Notation 1.2 have the desired properties. 
2.1. Definitions. Let (Y be an automorphism of a finitely generated free group F. 
Let Fab denote the abelianization of F, and let aab denote the automorphism of 
Fab induced by (Y. As an endomorphism of a free abelian group, CY”~ has a 
well-defined characteristic polynomial in Z[t], and we call this the characteristic 
polynomial of cy, and denote it by x,(t). 
The characteristic polynomial of a finite Q-dimensional Q[t]-module is that of 
the Q-linear mapping given by multiplication by t. 
We now record a variant of Lemma 5.1 of [2] and Theorem 2.5 of [3]. 
2.2. Proposition. If a is a reducible automorphism of a finitely generated free 
group F then there exists a positive integer m, and manic polynomials g(t), h(t) in 
Z[t] whose degrees are less than that of x,(t), such that x,(t) = g(t”‘)h(t). 
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Proof. Since cy is reducible, there exists a positive integer m and a free product 
decomposition into proper free factors, F = (*,_ II/ F,) * F,, such that Fy is a 
conjugate of F,, , for all i E Z,,, 
Let M denote the Z[t]-module with underlying abelian group Fzih, and with t 
acting as a ‘I”. Then the free product decomposition of F determines an abelian 
group decomposition into proper direct summands, M = ($,,,,>, Ml)@ M,, such 
that M,t = M,,, for all i E Z ,,,. Thus M,, is a Z[t”‘]-submodule of M, and 
M = (M,, @‘n,,,~~, Z[ t]) @ M, . Hence 
M On Cl! = ((M,, @& Q2) @o,,ml ‘Q[t]) CD (M, Bz Cl) 
As Q[t]-module, M Br CL has a composition series, each simple factor having 
an irreducible characteristic polynomial in Q[t], and the product of all of these 
characteristic polynomials is the characteristic polynomial X,(t) of M Br Q. 
The Q[ t”‘]-module M,, Bz Q has a characteristic polynomial g(t”‘) E Q[t’“]. By 
expressing M,, Bz Q as a direct sum of cyclic Q[t]-modules, we see that g(t”‘) E 
Q[t] is the characteristic polynomial for the Q[t]-module (M,, Bz Cl) CXI~,~,,~, Q[t]. 
The latter is a Q[t]-submodule of M BR CD, so there is a quotient Q[t]-submodule, 
which has a characteristic polynomial h(t) E Q[t]. Hence x,,(t) = g(t”‘)h(t). By 
Gauss’ Lemma, both g(t) and h(t) he in Z[t]. Their degrees are less than that of 
x,,(t), since M,, and M, are proper summands of M. 0 
Recall that for any positive integer n, the nth cyclotomic polynomial, Q,,,(r), is 
the manic polynomial whose roots are the primitive complex nth roots of unity, so 
the degree is p(n). Recall also that Q,,,(t) is an irreducible polynomial in Z[t], cf. 
[4, p. 1621. 
2.3. Corollary. If (Y is an automorphism of a finitely generated free group and 
x,,(t) = Q,,,(t) for some square-free integer n, then LY is irreducible. 
Proof. We suppose that CY is reducible, and obtain a contradiction. 
By Proposition 2.2, Q,,(t) = g(t”‘)h(t) for some positive integer m, and manic 
polynomials g(t), h(t) in Z[t] of degree less than q(n). Since Q,,,(t) is irreducible in 
Z[t], we see that h(t) is either 1 or Q,,,(t); but deg h(t) < p(n), so h(t) = 1. Thus 
@,z(t) = g(t”‘). Since deg g(t) < cp(n), we see that m 2 2. 
Let p be a prime factor of m, so Q,,,(t) = f(t”) f or some f(t) E iZ[t]. Clearly, f(t) 
must be irreducible in Z[t]. Also, 0 = @,I(e2w”‘1) =f(ezPP1”‘) in @, so f(t) is the 
minimum rational polynomial for e2/ln”“. Thus f(t) is @,,,,l(t) or Q,,(t), depending 
as p does, or does not, divide n, respectively. Replacing t with t” we see that Q,,,(t) 
is @ ,,,,, (t”) or @,,,(t”), depending as p does, or does not, divide n, respectively. 
The latter case is clearly impossible. In the former case, on comparing degrees, 
we see that cp(n) = pq(nlp), which is also impossible since cp(n) = (p - l)cp(n/p) 
because n is square-free. Thus we have a contradiction, as desired. 0 
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2.4. Proposition. Let p < q be prime numbers. If n is 0, 1, p or pq then CY,, is 
irreducible of growth rate 1, and the corresponding outer automorphism has 
order n. 
Proof. WC start with the case n = pq. 
Let F be the free group of rank pq with free generating set e,., (i E Z,,, j E Zq), 
and let 
F,,= (.x,.,(iEz,,, j~~,)Ix,.,,=xo,,=l (iEz,,, jEZ,)). 
There is a map F,,-+ F determined by x,,, H e,,,,,F,,,,e,.,t? ,,,, and a map F-+ F,, 
determined by e,,, H x ,,,. The composition of these maps is the identity, so we can 
view F,, as a subgroup of F, and in fact F = F,, * F,, where F, is the subgroup 
generated by the e ,.,,, e,,,,. 
Let p be the automorphism of F determined by e,,, ++ e,, ,,,+, , let y = e,.,,Z,,,,, in 
F, and set (Y = /3y in Aut F. Then x:, = x,,,X,+,,,x,+,.,+,X,,,+,, so LY acts as czP4 on 
F,,. Notice that 
Thus (cw,,,)“‘I is inner, from which it follows that LY,,(, has growth rate 1. Moreover, 
since 
is not a proper power in F, no smaller power of a,,q is inner, so the corresponding 
outer automorphism has order exactly pq. 
Let M be the Z[t]-module with underlying abelian group F’lh, and with t acting 
as IX”‘. The free product decomposition F = F,, * F, determines an abelian group 
decomposition M = M,, @ M,, and since F,, is invariant under cy, M,, is a Z[t]- 
submodule of M, with t acting as CY~‘;. 
Since /j ‘Ih = (y ““, we can identify M = Z[t] /(t’lY - 1) = Z[t, tC’] l(t”” ~ l), with 
ek,k in F corresponding to the class [t’] = tk + (P” - 1) E M. Choose integers r, s 
such that pr + qs = 1. Then e,,; = et_+,,, p’,+y.s, corresponds to [t”“+‘l”]. Since 
each generator x, , = e,, ,,2! ,,e, ,E,) , of F,, corresponds to . . 
[f] _ [p”] + [p+w] _ [pv] 
= [(t”” - l)(t”” ~ l)] E [(t” - l)(t” - l)]Z[t] , 
we see that M,, C [(t” - l)(t” ~ l)]Z[t]. Also 
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[(t” - l)(t” - l)] = [(t”” - l)(P’” - l)] E M,, ) 
so 
Thus x, ,,,, (4 = @,,,, (4) and ap4 is irreducible by Corollary 2.3. Hence the conclu- 
sion holds for II = pq. 
Now taking p = 2 and q an odd prime, we see that (Y,~ has growth rate 1, the 
corresponding outer automorphism has order 2q, and xa?<,(t) = Qzl,(t); thus if A is 
a matrix representing (Y $, then A is conjugate over @ to a diagonal matrix whose 
diagonal entries are the primitive 2qth roots of 1. Hence (Ye = (Y$ has growth rate 
1, and the corresponding outer automorphism has order q. Moreover, A’ is a 
matrix representing CK~, = a<,, and is conjugate over @ to a diagonal matrix whose 
diagonal entries are the primitive qth roots of 1 since they are the squares of the 
primitive 2qth roots of 1. Hence x,<,(t) = Qq(t), so (Y(, is irreducible, by Corollary 
2.3. Thus the conclusion holds for n an odd prime. 
Finally, the conclusion is obvious for y1 = 0,1,2. 0 
3. Reducibility criteria 
In this section we give an algebraic setting for the topological viewpoint used by 
Bestvina and Handel [l] to study automorphism of free groups. We deduce that 
up to equivalence the only irreducible automorphisms of growth rate 1 of finitely 
generated free groups are the (Y,, of Notation 1.2. 
3.1. Definitions. A graph X = (V, E, L, T) consists of two disjoint sets V, E, and 
two maps L,T : E+ V. The elements of V. E are called the vertices and edges of X, 
respectively, and the maps L, r are called the incidence maps of X. An edge e of X 
is said to join Le to re. 
The concepts of graph morphism and graph automorphism are the natural ones. 
A subgraph X’ = (V’, E’) of X consists of a subset V’ of V, and a subset E’ of 
E such that for all e E E’, Le and Te lie in V’. In particular, a subgraph is a graph. 
We say that X is trivial if E is empty, that X is disconnected if it is the disjoint 
union of two proper subgraphs, and that X is connected if it is not disconnected. 
The maximal connected subgraphs of X are called the components of X. 
The valency of a vertex u of X is ) L-‘(U)\ + IT-‘(U)\. We say that X is a finite 
core graph if V and E are both finite and there are no vertices of valency 0 or 1. A 
forest is a graph with no nonempty finite core subgraph. A tree is a connected 
forest. 
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3.2. Definitions. A groupoid is a small category in which every morphism is 
invertible; thus a groupoid with a single object is a group. 
Let X, Y be graphs. 
If X = (V, E, L, T), then the fundamental groupoid of X, denoted TX, is the 
groupoid with object set V, and with morphisms freely generated by E, where 
each e E E is viewed as a morphism with domain Le and codomain 7e. An element 
x of TX is a morphism with a domain and a codomain belonging to V, denoted LX 
and TX, respectively; further, we say that x begins at LX and ends at TX. 
For any vertex u of X, the fundamental group of X at u, denoted r(X, u), is the 
set of elements of TX which begin and end at u, a subgroup of rrX. 
By a groupoid morphism of graphs, p : X + Y, we mean a groupoid morphism 
/?. : rrX+ my, that is, a functor between these categories; in particular, any graph 
morphism may be viewed as a groupoid morphism of graphs. 
Groupoid morphisms of graphs give an algebraic formalization of the concept 
of continuous maps of graphs, as used in [l]; and, all of [l], with the exception of 
Section 4, translates into this language. 
If /3 : X-+ Y is a groupoid map of graphs, and X’, Y’ are subgraphs of X, Y 
respectively, and if (TX’)’ C STY’, then, exactly as in the topological analogue, 
we say that p maps X’ to Y’. In the case where X = Y and X’ = Y’ we further say 
that X’ is p-invariant. 
A groupoid morphism y : X+ X is said to be an inner self-equivalence of X if 
there exists a function V* TX, u H y,, such that dye, = u for all u E V, and 
xy = Y‘,XY,, > for all x E 7rX. 
A groupoid morphism of graphs p : X + Y is said to be an equivalence of 
graphs if there exists a groupoid morphism of graphs y : Y+ X such that &J, -yp 
are inner self-equivalences of X, Y respectively; this gives an algebraic analogue 
of homotopy equivalence. In the case where we also have X = Y, we say that p is 
a self-equivalence of X. 
Two self-equivalences of graphs p : X-+ X, p’ : X’ + X’ are said to be equiva- 
lent, denoted /? - /3’, if there exists an equivalence of graphs y : X+X’ and an 
inner self-equivalence x’ of X’ such that @x’ = y/3’. 
3.3. Definitions. Let p be a self-equivalence of a finite connected graph X, let u 
be a vertex of X, and let y be an element of ITX which begins at us and ends at u. 
Then r(X, u) is a finitely generated free group, p restricts to an isomorphism 
p : rr(X, u)-+ r(X, up), and conjugation by y determines an isomorphism in the 
reverse direction. Hence the composite is an automorphism /3y of the finitely 
generated free group r(X, u). A group automorphism which is equivalent to py is 
said to be represented by /3. 
In this way one gets a bijection between the set of equivalence classes of 
self-equivalences of connected finite core graphs (with respect to the relation of 
equivalence) and equivalence classes of automorphisms of finitely generated free 
groups (with respect to the relation of equivalence). 
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The following is a variant of Lemma 1.16 of [l] 
3.4. Proposition. For an automorphism LY of a finitely generated free group F, the 
following are equivalent: 
(a) (Y is reducible; 
(b) a is represented by a self-equivalence p of a connected finite core graph X 
which has a p-invariant non-forest proper subgraph; 
(c) LY is represented by a self-equivalence p of a connected finite core graph X, 
such that for some positive integer m, there are non-forest proper subgraphs X, 
(iEZ,,,) ofX h w ose edge sets are pairwise disjoint, such that p maps X, to X,, , for 
each i E Z,,, . 
Proof. (a) 3 (b) Suppose that LY is reducible, so there is a positive integer m and a 
free product decomposition F = (*itH F;) * F, into proper free factors, such that 
for all i E Z,,,, there existsi E F with ‘k:‘f = F,,, . For each i E Z,,, v {a}, let S, be 
a free generating set of F,, and let S be the union of all these S,, so S is a free 
generating set of F. 
Let X be the graph consisting of, for each i E Z,,, U {x}, a graph Xi with a 
single vertex U, and edge set E, in bijective correspondence with S,, together with, 
for each i E Z,,, , an edge d, joining u, to u,. Notice that X is a connected finite 
core graph, since no X,, i E Z,,, , is trivial, and, if X, is trivial, then m 2 2. Let 
us identify F = -ir(X, ur) via the bijective correspondence of S, with E,, 
i E Z,,, v {x}. 
For each i E Z,,, we have an equivalence of graphs p, : X, + X, +, determined by 
of;. Let /3 : X+ X be the self-equivalence which acts as /3, on X, for each i E Z,,, , 
and as (Y on E, 5 n(X, uz), and sends each d, to id,+, Then p acts as (Y on 
5-(X, Us), so represents a; moreover, UitL,,, X, is a p-invariant non-forest proper 
subgraph of X. 
(b) 3 (c) If (b) holds then (c) holds with m = 1. 
(c)=$(a) Suppose now that a is represented by a self-equivalence p of a finite 
connected core graph X such that, for some positive integer m, there are 
non-forest proper subgraphs X,, i E Z,,, , of X which are pairwise edge disjoint, 
and for each i E Z,,,, p maps Xi to X,,,. Let Y,, be a non-tree component of X,,. 
Then /3 maps Y,, to a component Y, of X, , and since p is a self-equivalence, Y, is 
not a tree. Continuing in this way we get connected non-tree proper subgraphs Y,, 
i=O, 1.. . . , such that p maps Y, to Y;+, for all i. Since X is finite, there is a least 
i 2 0 and a least k 2 1 such that Y, = Yjtk. By omitting Y,), . . . , Y,_, from the list 
we may assume that i = 0. Thus we have connected non-tree proper subgraphs Y,, 
i E Z,, , which are pairwise edge disjoint such that p maps Y, to Y, + , for all i E Zk. 
For some vertex u of X, there is a specified isomorphism F = T(X, u). For each 
iEH,, Y,, together with any element of rrX which begins at u and ends in Y,, 
determines a non-trivial proper free factor F, of F. Further, we have a free 
product decomposition F = (*,tn, F,) * F, into proper free factors, such that for all 
i E Z,, FF is conjugate to F,, , . Hence (Y is reducible. 0 
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3.5. Notation. Let p < q be prime numbers. 
Let X,, be the graph with vertex set Z, v Z,, edge set Z, x L,, and incidence 
maps L, T given by projection on the first and second factors, respectively. For 
each (i, ;) E Z, x Z,, let us denote the corresponding edge e,,,. 
Let p,,, be the graph automorphism of X which sends each e,,, to e,+,,j+, . Let u 
be the vertex of X corresponding to 0 E L,,. For each (i, ;) E Z, x Z, we have an 
element x,,, = %&,&,,e,,,, E T(X,q> u). Now it is not difficult to see from the 
proof of Proposition 2.4 that r(Xpq, u) has the presentation 
(x;,,(iEZ,, jEZ,)Ix,.,,=x,,,,=l(iEZ,,jEZ,)), 
and that p,,, represents CYSTS. 
Let X,) be the graph with vertex set (0, l}, edge set Z,,, and incidence maps L, r 
given by the constant maps to 0, 1 respectively. For each i E Z,, , let us denote the 
corresponding edge by e,. Let pp be the automorphism of X, which sends each e, 
to ei+,, and leaves the vertices fixed. 
Thus p2 represents +, the inverting automorphism of the free group of rank 1. 
If q is an odd prime then p, - pi, and, moreover, subdividing the edges of X, 
yields a graph isomorphic to XZq, and we see that p ‘y - pi,. Hence p, represents 
%. 
The previous two paragraphs show that for all primes p, p,, represents a,,. 
3.6. Proposition. Any irreducible automorphism of a finitely generated free group 
with growth rate 1 is equivalent to one of the automorphisms listed in Notation 1.2. 
Proof. Let (Y be an irreducible automorphism of a finitely generated free group F 
of growth rate 1. 
By Theorem 1.7 and Remark 1.8 of [l], CY is represented by an unoriented 
graph automorphism j3 of a connected finite core graph X = (V, E, L, T); that is, p 
permutes the edges of X, but need not respect the orientation of X. By 
subdividing the edges of X, we may further assume that p respects the orientation 
of X, so is a graph automorphism. 
Let Aut X denote the group of graph automorphisms of X, written as if acting 
by right multiplication, rather than exponentiation. Then p E Aut X. Let G 
denote the subgroup of Aut X generated by p. 
If X is trivial then LY - cq,, so we may assume that X has an edge e. Further, we 
can collapse a maximal G-invariant subforest, and so assume that X has no 
G-invariant nontrivial subforest. By Proposition 3.4, (b) 3 (a), X has no G- 
invariant nontrivial proper subgraph. Thus eG = E, that is, p cyclically permutes 
the edges. 
Since G is cyclic, the G-stabilizer G, of e fixes every edge of X, so G, = 1. 
If G is trivial then X has exactly one edge so CY - (Y,. Hence we may assume 
that G is non-trivial. 
We claim the following is true. 
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(*I For any proper subgroup N of G, eN is the edge set of a forest. 
To see this suppose that (*) is false, and that N is a proper subgroup of G such 
that eN is the edge set of a non-forest X,, in X. Let m be the index of N in G, so 
mz2. For each iEZ,,, let X, = X,,p’. By Proposition 3.4, (c)3 (a), (Y is 
reducible, a contradiction. Hence (*) is true. 
In particular, taking N = 1 we see that e is the edge set of a forest, that is, 
lefre. 
We consider first the case where G,, n G,, = G. Here G,, = G,, = G, and G 
stabilizes all the vertices of X. Thus LeG = { Le} and reG = { Te}, so V consists of 
two vertices, Le, Te, and ICI edges joining them. For any proper subgroup N of 
G, eN consists of 1 NI edges joining the two vertices, and by (*) this is the edge set 
of a forest, which means that N is trivial. Thus ICI is a prime p. Here X= X,], 
and P-P,,, as in Notation 3.5. Hence (Y - (Y,]. 
This leaves the case where G,, fl G,, # G. Notice that e(G,, n G,,) is the edge 
set of a graph which consists of I G,, n G,,I edges joining Le to Te, which is a 
forest by (*), so has only one edge. Hence G‘, f? G,, = 1, so X has at most one 
edge between any two vertices. 
If LeG = TeG then G,, = G,, = G,, n G,, = 1. Hence IV1 = (GI = 1~1, so F has 
rank 1, and cy - (Y, or (Y - ay2. Thus we may assume that LeG # TeG. 
Here V= LeG v 7eG. 
The valency of Le is leG,,l = I G,,I, since eGLF is the set of edges incident to Le. 
Hence GL, is non-trivial, since X is a finite core graph. Similarly G,, is non-trivial. 
If H is a proper subgroup of G,, then e(H x G,,) is the edge set of a forest by 
(*), so some vertex has valency one. But here each vertex has valency IHI or 
IG,,), so H must be trivial. Thus every proper subgroup of G,, is trivial, so IG,,l is 
a prime p. Similarly, 1 G,, 1 1s a p rime q. Since G is cyclic, and these are subgroups 
with trivial intersection, p # q and jGl is at least pq. We may assume that p < q. 
The order of G is the number of edges of X, which is at most pq, so G has order 
pq. Thus X= X,,, and p - /3,,<!, as in Notation 3.5. Thus Q - Q~,~. 0 
Combining Propositions 2.4 and 3.6 we have our main result. 
3.7. Theorem. Up to equivalence, the irreducible automorphisms of the finitely 
generated free groups with growth rate 1 are the a,, of Notation 1.2. 
In terms of outer automorphisms of finitely generated free groups, [a,] is an 
irreducible outer automorphism of order n, and up to equivalence, these are the 
only irreducible outer automorphisms of finite order. 0 
4. Geometric realizations 
4.1. Definition. Let X be a compact surface with nonempty boundary, let y be a 
homcomorphism of X, and let y be a path in X such that 7~” = LY. Then r(X, my) 
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is a finitely generated free group, y determines an isomorphism y * : r(X, my) -+ 
n(X, 7yY = my), and y determines an isomorphism y, in the reverse direc- 
tion, so the composite is an automorphism y*y, of the finitely generated free 
group r(X, my). A group automorphism equivalent to y*y, is said to be a 
geometric automorphism geometrically realized by y. 
The following result exemplifies the situation studied in Section 4 of [l]. 
4.2. Proposition. Any irreducible automorphism of a finitely generated free group 
of growth rate 1 is geometrically realized by a homeomorphism of finite order of a 
surface with a single boundary component. 
Proof. We first want to realize Q,,~ geometrically, for prime numbers p < q. 
Let X,,y, p,, be as in Notation 3.5. At each vertex of X,,, we cyclically arrange 
the incident edges by taking, for each i E Z,, the sequence ej,_, , ei._2, . . . , ei,my, 
and for each j E Z,, the sequence e,,i, e,,i, . . , ep,,. 
Let X be the space obtained from X,,, and an annulus A by gluing one 
boundary component of A to X,,, via the path 
_ _ 
c=e py,py-lep4~l.py-lep4-l.~~~2e~~-2,~~-2.. . e2.1el,lel.oeo,o 
Notice that every edge of X,, occurs twice in c, with opposite orientations, and, 
moreover, whenever c arrives at a vertex u along an edge, the next edge in c is the 
next edge in the cyclic arrangement of edges incident to u. Hence X is an oriented 
surface, which can be thought of as a thickened graph, and it has a single 
boundary component. We give X a CW-structure with p q-gons and q p-gons as 
the thickened vertices (where we understand that a 2-gon is a l-cell), and pq 
quadrilaterals as the thickened edges. We further subdivide those 2-cells which 
are thickened vertices by adding a central vertex and dividing into triangles. 
Since p,, respects the cyclic arrangement of the edges at each vertex, there is 
an induced homeomorphism y of X which respects the subdivided CW-structure 
and has order pq. 
The foregoing, in the case where p = 2 and q is an odd prime, realizes (Ye<, 
geometrically by a homeomorphism of order 2q on a compact surface with a 
single boundary component, so LYE = ai, is realized geometrically by the square of 
this homeomorphism. 
Finally (Y(,, aI, a2 are realized geometrically by the identity map on the disc, the 
identity map on the Mobius strip, and a reflection map on the Mobius strip, 
respectively. 
The result now follows by Proposition 3.6. 17 
4.3. Example. The automorphism LYE of the free group of rank 2 is realised 
geometrically by an order-6 homeomorphism of the surface illustrated in Fig. 1, 
and CY~ is realized by the square of this homeomorphism. 
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